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ABSTRACT

The tautomerism of sugars showing complex mutarotation has been analyzed
mathematically based on a scheme of three components. More-complete but complex
schemes are shown to be reducible to the three-component scheme, because the
supposed intermediates of interconversion can be neglected in the kinetics when their
equilibrium contents are very small and because two furanose tautomers can be
regarded as one component under appropriate conditions. The kinetics of the three-
component scheme have been fully studied and are shown to explain successfully the
tautomerism of most of the sugars. The tautomerism of D-galactose has been analyzed
in especial detail. From the polarimetric data and the equilibrium content of o-
pyranose, the kinetic rate-constants for D-galactose were determined and found
consistent with all other experimental data. The slow and fast processes of complex
mutarotation of D-galactose are shown to correspond approximately to pyranose—
pyranose and pyranose—furanose interconversions, respectively.

INTRODUCTION

The mutarotation of a sugar is the polarimetric change in a freshly prepared
solution, and it reflects the first-order interconversions between several tautomers of
the sugar. Several monosaccharides such as glucose, gulose, and mannose show

“simple mutarotation”, as expressed by Eq. I:

o], = Ae™™ +[al, @,

where [«], and [«],, are respectively the specific rotation of the sugar at time ¢ and at
equilibrium, m is the rate constant of mutarotation, and A4 is a constant coefficient.

Solutions of sugars in this group are known to contain two anomeric forms,
o- and f-pyranoses, with only small proportions of other tautomers!-2. The kinetics
of interconversion can be fully described by Scheme I and Eq. I:

Scheme I
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where X and Y denote a- and fS-pyranose forms, respectively, and
m=Fk.,+ky (2).

On the other hand, many monosaccharides, such as galactose, arabinose, and altrose,
show “complex mutarotation” which is approximately expressed by an equation’
having two exponential terms, namely by Eq. 3:

(o] = Ae™™*+ Be ™" +[ua],, 3).

Smith and Lowry® analyzed the “complex mutarotation™ of D-galactose based
on the Scheme II,

X p v,

Scheme II

where u is the (presumed) intermediate open-chain form (aldehyde form) of the sugar.
The equilibrium relative-content of u estimated by Smith and Lowry was 12%, which
is larger by far than the experimental value of 0.082% obtained polarographicically
by Cantor and Peniston®. Riiber and Minsaas® analyzed the dilatometric change of
freshly dissolved solutions of «- and f-galactopyranose, also on the basis of Scheme II,
and obtained 27.35% for the relative content of u at equilibrium. This value agreed
neither with the estimate by Smith and Lowry® nor with the experimental value.

The foregoing results show that Scheme II is not adequate for analyzing
complex mutarotation. It is now well known, that equilibrium solution of many
sugars, especially those showing complex mutarotation, contain considerable pro-
portions of furanose forms as well as pyranoses®'®. Several experimental approaches
to relate the slow and fast rate-constants m, and m, in Eq. 3 to pyranose-pyranose
and pyranose-furanose interconversions, respectively, have been made?'®, but no
successful theoretical interpretations have been given. Anderson and Garver® recently
performed computer simulations of complex mutarotations, based on more-realistic
schemes that included furanoses (Schemes IV and V in Section A). They determined
many sets of kinetic constants that can explain the change of tautomers with time
observed by the gas-liquid chromatographic (g.l.c.) technique. However, they were
unable to explain at the same time both optical rotation and g.l.c. data without
introducing components other than pyranoses, furanoses, and an open-chain form.

In this paper, we show that the three-component system of Scheme III can
successfully explain the complex optical rotation experimentally observed, the change
of tautomers observed by g.l.c. and by the dilatometric changes of solutions of
galactose, and that the analysis based on this scheme:

X; Y

N/

Scheme II1
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where Z stands collectively for the two furanose forms, can be applied to most of the
monosaccharides.

In the first Section (A), it is shown that the intermediates whose equilibrium
contents are negligibly small can be neglected in the kinetics of mutarotation. In the
next Section (B), the conditions under which the more-general four-component scheme
can be reduced to a three-component scheme are investigated. In Section C, full
mathematical descriptions of Scheme III are presented. In Section D, the formula
expressing optical rotation is given. Next, in Section E, the kinetic behavior of three
tautomers of b-galactose is analyzed from the polarimetric data and the equilibrium
content of one component measured by g.l.c.5. It is shown that the equilibrium content
of other components agree with the experimental data and that slow and fast processes
of complex mutarotation in the solution of p-galactose corrrespond approximately to
pyranose-pyranose and pyranose-furanose interconversions, respectively.

RESULTS AND DISCUSSION

A. Omission of intermediate open-chain forms
We start with Scheme IV, namely:

\” /

Z
Scheme IV

where u is the intermediate open-chain form of a sugar. Indicating, for example, the
first-order kinetic constant of the reaction, X — u as k,,, the differential equations of

Scheme IV can be written as:

%_:'= _kxp.x+kyx.u (4a)9
d
E};’ = —ky, ytk,n “b),
%%= _kzu.z+kuz.u (46)9
du .

and —= —(ky+kytk) ptky xtky,-yt+k, -z . (44),

d¢
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where x, y, z, and g denote the concentrations of the components X, Y, Z, and g,
respectively. We assume that the equilibrium value of g (indicated by g) is small
enough in comparison with x_ , ¥, and z_,, that is to say:

ﬂ_m=£,_;<1, &=ﬁ<1, and ’2:&*41_ o).
X kpx Yo uy Zx0 kp:

Under these conditions, z rapidly attains a steady-state value in a characteristic time
T = 1/(k,x+k,y+k,.) (see the last paragraph of Appendix I), which is too short to
detect. Thus, we can equate the right-hand side of Eq. 4d to zero and obtain:

1
= (kyx+k,, ytk., -z .
u kyx+k,,,+k,m(’" yu" Ytk 2) ©)

Introducing Eq. 6 into Egs. 4, we obtain:

d
d_JtC = ~_(kxy'i_k::c::)x""kyx'y'{"kz:::'z (7a)s
dy
'd_t = Ky~ x—(kyx+ kyz)y+ k:y *z (7b),
dz

and E = kxz'x'*-kyz.y—(kzx'{—kzy)z (76)5

where we put

— ko kyy
T Kyt kot ke

= ky, k..
kyetkyy+k,

yx

_ k., k,.
kp-r + kny + kzx:

ZX

1 (4.
_ Kep ke
kpetkyy+ kyz

= Ky Kys
" ks t+lyy+ Ky

= kzu : kny
-y kpx + kuy + kuz J
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Differential equations 7a-7¢ are just the same as those for Scheme IIL. It is thus
concluded that Scheme IV reduces to Scheme III, when the equilibrium value of His
negligibly small. A stricter mathematical proof of this is given in Appendix I.

The result obtained here can easily be extended to the more-complicated
schemes. Both Scheme V, which shows interconversion of four tautomers (two
pyranoses and two furanoses) through an intermediate u, and Scheme VI, which was
proposed by Isbell and Pigman® (where X', Y’, Z’, and W' are the intermediates of
interconversion), reduce to Scheme VII, if the equilibrium content of the intermediate
4 in Scheme V (or X', Y’, Z’, and W’ in Scheme VI), are negligibly small.

x\ /y -X\\\x.___ﬂ, /" X y
<Y |
z/ \W z/ z‘—__-w'\w w

Scheme ¥ Scheme XTI Scheme ¥IT

The equilibrium content of open-chain forms, which have been considered to be
intermediates of interconversion of sugars, are generally found to be very small (less
than 0.5%), except for a few sugars such as D-ribose and r-allose*. Therefore, open-
chain forms or other intermediates may be neglected in the analysis of mutarotations
of the most of sugars.

B. The four-component scheme and conditions for its reduction to the three-component

scheme
The differential equations of Scheme VII are given as:
dx
217 = _(kxy+kx:+kxw)x+kyx'y+kzx.Z+kwx.w (9(1),
dy
O =k x—(kyet K-tk )y ko 2k, w (9b),
dz
-d—t_=kx:-x+ky:.y—(k:x+k:y+kzw)z+kw:.w (96)’
dw
and E= kvw x+tky, y+ko, z—(kpet+k,+ky)w 94d).

At equilibrium, there must be no circular flow in each of four triangular circuits such

as / \ in Scheme VII, and thus:
Y———7
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Ky Yoo Kex _Xo o0 K Ze {10).

kyx X x= Zw k:y Ve

By multiplying the foregoing together and simplifying, we obtain:

key by kox =Ky Koy kyx (11a).
Two more, independent relations are obtained in the same way:

by Ky Kox = K Ky Koy (11b),
and Ky, Ky Ky =Ky kyp-"kay (110),

Thus, nine out of twelve kinetic-constants in Egs. 9 are independent. The solution of
Eqgs. 9 contain three exponential terms and the three rate-constants are given as the
roots of a cubic equation.

On the other hand, experimental data for complex mutarotation can all be
approximately described by two exponential terms, and the third exponential term is,
within experimental error, not necessary!. Moreover, the rate constants determined
by starting from the o-pyranose are approximately the same as those from the
p-pyranose!. These results strongly suggest that each optically active tautomer
existing in nonnegligible amount in the mutarotating solution can be described
approximately by the same two exponential terms.

The conditions under which Scheme VII is expressed by two exponential terms
are the following three cases.

The first (case I): one of the four components (possibiy, one of the two furanoses)
is negligible at equilibium. In this case, Scheme VII reduces to Scheme III in the same
way as described in section A.

The second (case 1I): four components exist in appreciable proportion at
equilibrium but proper relations hold between kinetic constants. From consideration
of the differential equations 9, it is determined that necessary and sufficient conditions
under which kinetics of every one of the four components is described by the same two
exponential terms, starting from either of the two pyranoses (designated as X and Y,
respectively) or from a mixture of the two, are the following relations given in Egs. 12
and 13 or in Eqs. 12 and 14:

kzx = kIUX (12)
k., =k, ’
kx: = kxw (13):
and k= ky, =k, (14).

The proof of this is not difficult, but is rather tedious. An outline is given in
Appendix IL -
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The third (case III): one of the three rate-constants (for example, m,) is too high
to detect experimentally. However, if we assume that the kinetic constants of furanose—
furanose interconversions are of the same order as those of pyranose-furanose
interconversions, based on several experimental results?, this situation is unlikely to
occur.

The conditions of cases I and II, under which Scheme VII is reduced to
Scheme III, might be approximately satisfied in many sugars showing complex
mutarotation because their mutarotation curves are almost completely expressed by
two exponential terms. In case II, the third component z in Scheme III can be
regarded as the sum of two furanose tautomers, In the latter sections, we will deal

with two furanoses as one component, z.

C. Kinetics of the three-component scheme

In this section, the solutions of Egs. 7a, b, and ¢ for Scheme III are given under
the condition that the total amount of sugar in the solution is constant. The constant
amount is put to be equal to 1 for convenience in calculation, so that:

x+y+z=1 15).

The solutions have the following forms when the two rate-constants are not equal®®

(my #= my,):

x=A,-e ™ 44, e 1 x (16a),
y=B;-e"T™ 4 By-eT M 4y, (16b),
and z=C e ™' +Cy-e ™tz (16¢),

where the rate constants m; and m, are the roots of the next equation:

m?—Pm+Q=0 17),
where
P=my+my=k +k, +k. +k.+k, +k., 18),
and O=mymy=KkK,.+‘k k. vk ko, tk .k vk k,.+k. k., +
dhye kot ko th ko, 19).

The equilibrium value of each component (x_,, ¥, and z,) is given as:

X =

(kyx ° kzx + kyx - k:y + ky: -k.y) (20a),

Q=

1
Vo = 'é (kxy ° kzx+kxy * kzy+ kxz - k:y) (20[7),
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and 2z, = é (ke byt ke eyt ke e, ) (200).

From the condition of no circulation at equilibrium, Eq. //q in Section A, is
obtained. Thus, among six kinetic-constants, five are independent. The coefficients
A;, B;,and C; (=1, 2) are determined when the initial conditions are given. Here, we
adopt the most simple and useful case; only one anomeric from is present at first:

xo= I, and y0=20=0 (21)-

Under these initial conditions, coefficients 4; and A, are obtained by differentiating
Eq. I6a with respect to time, and by using /62 and the resulting equation as simul-
taneous equations in 4, and 4, . In both equations, #is set equal to zero, and the value
of dx/dt at t = 0 is found from Eq. 7a. The B; and C; values are found similarly, giving,

1

Ay =—— {(Yo+zo)ma— (ke +k.)} (22a)
m;—m;
-1
AZ = {(yoo+zoo) hty —(kxy+kx:)} (221)),
mz—ml
-1
By =—— (o my—k) (22¢),
mz— 'nl
1
By = ———— (yo "1 —kyy) 24),
nmy—niy
Ci=——1 (zo-ma—k,) @2e),
mz —m1 -
and Cp=—1 (z-my—k.) @z5).
m,—m,

A more-general solution is given elsewhere!4.

Summing Eqs. 16a, b, and ¢ and using relation 75, we obtain a relation of
coefficients at any initial conditions as:

A5+B1+Ci=0 (i= 1, 2) (23).
‘When m; = m, = m, that is, the condition
P2—40=0

holds, a special solution is obtained which is included in Eqgs. 16 and 22 as the limit of
(m 1= m2 —> 0). -
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D. Optical rotation
The specific rotation of a sugar solution at time ¢ (fe],) is given by

e}y =x-0x+y o, +2z-a. _ 24),

where a,, o,, and o, are respectively the specific rotation of pure solutions of x, y,
and z.

Substituting Eqgs. 16 into Eq. 24 and then Egs. 22 into the resultmg equation,
and simplifying, gives:

1 ) .

[a]t = {(ax— y) (yoo My _kxy)+(ax+az) (zw : mz—kx:)} e—m;r_

mz— iy .

- {(“x— y)(yco kxy)'*'(“x_“:)(zw "nl_kx:)}e_MZt"‘

My —Hnly
+ [o]o (25),
where

[a]co =X "y +yco.ay +Z5Q (26)'

E. Mutarotation of D-galactose

Based on the results of the foregoing sections, there is analyzed here the
mutarotation of D-galactose, which shows complex mutarotation and is cne of the
sugars investigated most intensively. From the experimental data and the condition
11a, six kinetic-constants of Scheme III will be obtained, and equations 16 for each
component will be reconstructed.

As experimental data, we employed two mutarotation curves (at 20°) starting
from «-galactopyranose (denoted X)) and f-galactopyranose (Y), respectively, obtained
by Isbell and Pigmanl!. Although the slow and fast rate-constants (#2, and m,)
starting from the a-pyranose were somewhat different from those starting from the
B-pyranose, we have adopted the average of the two and define m, and m, as 0.0187
and 0.193 (min~?'), respectively. The specific rotation of the a-pyranose (e.),
B-pyranose (e,), and that of the solution at equilibrium ([e,]) were given as +150.7°,
+52.8°, and +80.2°, respectively. Two coefficients of mutarotation, 4 and B of
Eq. 3 were given'! as 64.9° and 5.6°, respectively. Hence,

1

{(ax_ay) (yoo ° m2~kxy)+(ax_a=)(zca Mgy — x:)} = 64'90 - (27a)9
Wiy —my

and _:'1_— {(ax_dy) (km Tny —‘kxy)+(ax—az) (zco tny— x:)} = 5.6° (27b)-
mz—'nl

Similarly, the coefficients starting from the f-pyranose were given'! as —32.2° and
4.9°. By deriving the 4;, B;, and C; values for the condition yo = 1, and x4, z =0,
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an equation similar to Eq. 25 can be written. Eqgs. 284, and b may then be derived in
the same way as 274 and b.

L {(d _ax) (xoo - mz_kyx)'!'(ay_az) (zoo cmy— yz)} = —32.3° (28‘7)’
my,—niy
=) (o g — k) (ot — ) (2 - Ty — Ky )} = 4.9° (28b).
MNig—ing

The equation obtained by adding Eq. 27a to Eq. 27b or the one obtained by adding
Eq. 28a to Eq. 28b are essentially the same as Eq. 26 equated to 80.2°, and so only
three equations are independent among five Egs. 27a and b, 28a and b, and 26 equated
to 80.2° There are seven unknown quantities: six k;; values and a., and the experi-
mentally obtained independent relations are five; namely the values of «,, «, and [«],
and Eqs. 272 and 28a. As Eq. 11a holds between k;; values, we need one more relation
to solve the problem completely.

Recently, Acree et al® analyzed by g.l.c. the O-trimethylsilyl derivatives of
D-galactose from a mutarotating solution, and they determined the equilibrium
content of each tautomer at 25° and the kinetic properties at 15°. From their data, we
estimated the equilibrium compositions x,, ¥, and z, (sum of furanoses) at 20°, as
0.321, 0.642, and 0.037 (p-furanose: 2.7% and a-furanose: 1.0%), respectively.

We tentatively adopt the value of x_, as an additional experimental datum to
solve the problem. The value of y, and z, will be derived theoretically and be
compared with the experimental values to check the consistency of the theory. The
outline for solving the equations is given in Appendix III. The results obtained are as
foliows,

z, = 0.0313 } (29),

Yo = 0.6477

o, = —76.01° (30),
and k,, = 0.8274x10"%min™"']

ky; = 0.4100x107% min~*

k., = 0.6543%107% min~* ’ 3D.

k..,= 6.720x10"2 min~?

k,. = 0,5798x 107 * min~*

k., = 12.015x10"* min™" |

The equilibrium contents of furanose (z,,) and f-pyranose (y,,) obtained in Eq. 29 are
in rather good agreement with the values experimentally estimated, but the theoretical
content of furanoses is about 0.6% smaller than the experimental value. Taking into
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account experimental errors, such as those included in the measurement of the area
of the small g.l.c. peak for the «-furanose, the foregoing small difference is not
significant. .

The specific rotation of the furanoses () is strongly levoratatory, and the pure
p-furanose is the more strongly levorotatory.

It is worth noting that the rate constants for pyranose-pyranose intercon-
version, k., +k,. (1.24x107?) are much smaller than those for pyranose—furanose
interconversions; k. +k,, (7.37x1072) or k. +k,, (12.6 x 107 2),

From Egs. 31 it is possible to reconstruct the equations of interconversion
16a, b, and c starting from the a-pyranose (xo =1 and y, =z, = 0):

x= 0.6667-¢ %0187t 00123 -e7%193740.3210
y = —0.6695-e79-9187¢ 1 00218 - ¢~ %193 1 0.6477 (32).
z= 0.0028-e70-0187:_( 0341 -~ 019321 0.0313

The curves of (x—x,)/(1—x,), ¥/V, and z/z,, are plotted against time in Fig. 1,
comparing with slow and fast, simple, exponential processes of mutarotation having

ks
1 —
(v
l'
’l
g 4 SN,
b= &
< W
Z o5} )74
> Y N
1” X
<
i 7
o . R N ;
50 100 150 200

TIME (min)

Fig. 1. Calculated time-course of the normalized variation of each tautomer of D-galactose, starting

from the a-pyranose. Concentration of «-pyranose, f-pyranose, and furanose are denoted by x, y,
and z, respectively, and X, Y«, and z, designate their equilibrium values. Dotted lines show slow
and fast processes of mutarotation, having rate-constants rm, and m,, respectively.

the rate constants m, and m,. Disappearance of the a-pyranose and production of
[-pyranose are approximately expressed by the slow processes, whereas production of
“furanose” is nearly described by the fast processes. This is also in good agreement
with the recent gl.c. data of Acree et al.® giving direct measurement of intercon-
versions of each component.

Equations starting from the f-pyranose (yg =1, x4 = z¢ = 0) are obtained in
the same way, from Eq. 37 and the appropriate expressions for 4;, B;, and C;.
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x = —0.3318-¢72°187r 1 00108 -~ %193t 1 0.0321
y= 0.3332.¢7001877 1 00191 -~ %1937 1 0.6477 (33).
z = —0.0014-e7 %187 _0.0299 -7 °-193* 1+ 0.0313

The time-course of normalized variation of each component is given in Fig. 2. Again,
changes of the pyranoses are approximated by the slow process, whereas the pro-
duction of furanose is nearly equal to the fast process.

VARIATION

RELATIVE

TIME (min)

Fig. 2. The same as Fig. 1, but starting from the f-pyranose.

The problem as to when these approximations are generally valid is too lengthy
to describe here, and we only point out the results. Two conditions, namely, (a)
k,. = k,., and (b) kinetic constants of furanose to pyranose conversion (k.., k.,), are
much larger than others. Both of these are satisfied by p-galactose (¢f. Eq. 3I), and
make the foregoing approximations valid.

Isbell and Pigman” investigated several properties of m,; and m, of galactose.
They showed that »2, has the same propertiecs as the single, slow rate-constant of
p-glucose, which represented pyranose—pyranose interconversion, and that m, has the
same character as the furanose—-pyranose interconversion rate-constant of D-fructose.
We can also give a theoretical basis to this experiment by showing that m, and m, are
approximately expressed by linear combinations of kinetic constants of pyranose—
pyranose and pyranose—furanose interconversions, respectively, when (a) or (b) is
valid.

‘We examined next whether or not Egs. 32 and 33 could explain the dilatomeiric
change of D-galactose in solution, as investigated by Riiber and Minsaas®. Their
experiment showed that the dissolution of «-galactopyranose in water at 20° gave rise
to an expansion during the first 15 min, followed by a contraction, which became
simple exponential only after the elapse of 50 min.

We assumed the additivity of “molecular solution volume™ of each component
as defintd by Riiber!2. Then, we obtained the molecular solution-volume of the
components x, y, and z (VZ, V2, and V?3) from Egs. 32 and the dilatometric data’®
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starting from the o-pyranose, as 109.63, 109.28, and 119.78 (ml/mol), respectively, at
a concentration of 10% (w/v). This result shows that the volume of the furanose form
in solution is about 9.5% larger than those of pyranoses. From this result, we can
anticipate the dilatometric change of a freshly dissolved solution of f-galacto-
pyranose. The molecular solution-volume [V2(#)] starting from the B-pyranose is
calculated from Egs. 33 and the foregoing values of V, V3, V3, as

VB = —0.13-e™™!'—0.31-e ™! VP 39.

On the other hand, the time-course of V2(z) could be calculated from the data of the
meniscus change of the dilatometer as given by Riiber and Minsaas®. The curve
theoretically expected, as obtained from Eg. (34) and the experimental values esti-
mated from the data of Riiber and Minsaas®, are shown in Fig. 3. Both are in fairly
good agreement with each other. An accurate reinvestigation of the dilatometric data
would be desirable to explain the discrepancy observed at times shorter than 20 min.

{ml/mole)

;

VB =\ o)
2

-015F

] 1 1 1 I3 ]

] L 1 1 1 [

TIME (min)

Fig. 3. Dilatometric change of a freshly dissolved solution of f-galactopyranose at 20° (c==10)
Deviation of the molecular solution-volume from the equilibrium value is plotted on the ordinate
‘The solid line is the theoretical curve calculated on the basis of Scheme III and dilatometric data
starting from the «-pyranose. The dotted line through circles is an estimate from the experimental

data of Riiber and Minsaas®.

In Section B, we determined conditions under which a four-component scheme
reduces to a three-component one and suggested, based on the experimental data, that
these conditions might be approximately satisfied by sugars showing complex
mutarotation. We examine here which of these conditions holds for D-galactose. The
equilibrium contents of a- and f-furanose, estimated from the data of Acree ef al.,
were 1.0% and 2.7%, respectively. Both are much smaller than the content of
pyranoses, but the content of «-furanose is not small enough to be neglected in
comparison with the content of f-furanose. It is thus uncertain as to whether case I in
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Section B is the inain cause for D-galactose being approximated by Scheme III. Egs. 12
and 13 in case II are not satisfied, because the relation k_,, = k.. (compare Appendix II,
Eg. A15) holds under these conditions and the equilibrium content of the two
furanoses must be equal. Whether Eqs. 12 and 14 hold or not cannot be determined
by the data available at present. However, these conditions may be approximately
satisfied, because the relation:

kxz = kyz (35):

is approximately satisfied in this case (compare Egs. 3I), which corresponds to the
first part of Eqgs. A17 in Appendix II in a four-component scheme.

F. Discussion and conclusions

One of the attempts thus far, to improve the analysis of complex rnutarotation
by Smith and Lowry?®, was that of Ivanov et al.'®. They adopted Scheme IV, but
considered z as an orthoaldehyde—open-chain form of the sugar and that both z,, and
Lo were negligibly smail. Their idea that the introduction of a negligibly small
component z to the scheme of Smith and Lowry (Scheme II) permits complex
mutarotation (such as that of D-galactose) to be explained is shown, by extending the
principle described in Section A, to be incorrect. However, the proof of this is not so
simple in this instance. As both z and . are negligibly small, the last condition of
Eq. 5 does not hold. However, it can be shown that change of x and y is approximately
expressed by a single rate-constant m =k, +k,,, and z is always negligible, when
starting from the initial condition zy = 0. Component z in Ivanov’s scheme is a labile
intermediate, so that z, =0 is usually valid. it is concluded that Scheme IV, with
negligible values of y, and z,, are described by Eq. I and cannot explain complex
mutarotation.

Anderson and Garver’s recent work® on computer simulation of complex
mutarotation, based on Schemes IV and V, have led to some interesting results. They
found infinite sets of kinetic constants that can explain the g.l.c. data showing how
each tautomer varies with time. That is quite natural, because there is one degree of
freedom in assigning kinetic constants on the right-hand side of Eq. 8, when those on
the left-hand side are determined. They also found that the value assigned to the
equilibrium concentration of intermediate u can be varied over wide limits—from
vanishingly small to over 2%—with little effect on the progress of the ring forms to
equilibrium. This seems to be a confirmation of our principle described in Section A,
but the reason why they could not find a set of kinetic constants that would explain
both optical rotation and g.l.c. data, based on the Schemes IV or V, is not clear.

In this paper, it is shown that analysis of the tautomerism of a freshly dissolved
sugar, based on the three-component Scheme IIi, is successful not only in the analysis
of experimental data but also has a sound theoretical basis. The analysis presented
here may be useful for many kinds of first-order, reversible reactions between several
components.
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APPENDIX I
Reduction of Scheme IV to Scheme IIT when u, is sufficiently small

The kinetic constants of Scheme IV are set as follows:

k

xp

=g-ki,, k,=¢k,, k,=¢ek, 4D,

where k;,, k;,, and k., are taken to be of the same order of magnitude as &, Ky,

and k,,, so that from the conditions of Eq. 5 we obtain:
el (42).

A variable v is introduced instead of g, and it is defined as:

’ . ' . I -
v=,u—a'k“‘ x+tky,,-y+kl,-z 43).
kyt+ky,+k,.
The differential equations 4a—d can be written with the variable v as:
’ LA . W
_df_-: _8._k__xu(kﬂy+kﬂ:).x+8. k}'ﬂ kllx .y+8. __kzu kllx 'Z+k"x'v
ds Kotk ,+k,. ko +k,,+k, ky+ky,+k,.
’ . r R : . k
ix:a'————k"” Ky “X—§&" e (ks - o) “y+e- ke oy ‘z+ kv U (49,
dr Kyt kyyt ks kyc+kyy+Ky; kyx+kyy+kyz
d_z___s. k;u'kuz “x+e- Ky Kys .y_s.k;u(kux+kuy).z+ku:,v
de kllx + kyy + kﬂ: kux + kﬂ}’ + k 4 kl‘-" + kﬂy + kl-l-'-
dV 2
and E—=e -f—K-v (45),
t

where fis a linear combination of x, y, and z as:

1 , , , '
T T Gt by k,)? Dk {(kuy + k) - Koy — Koy Ky — Ky - 2y} X+
nx ny .

+ k;p {(knx+ ko) k;# —ky ko —k,e k;n} y+k, {(kux+ k) ké;: -
— Kyt k;n—kuy . k:,m} z] (46),

.kux'k;n'*'kuy'k;ﬂ"'kl‘:'k;"ék +k,,+k, (A47).
kptk,+k,. SRR

and K=k, +k,,+k,+e
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The differential equation 45 is solved formally as follows:
t
v(®) = v(@)e X +&° j‘ dt f(z)e ¥¢ 2 (48).
o

The magnitude of v reduces to the order of &? for 1> T'= 1/K whatever the initial value
v(0) may be. This means from Eq. 43 that u is accurately described by Eq. 6, for t> T,
whatever the initial value 2{0) may be. The terms containing v in Eqs. 44 can, there-
fore, be neglected for 1> T and Egs. A4 reduce to Eqgs. 7 if the kinetic constants are
given as Egs. 8.

APPENDIX 11

Proof of the theorem that Eqs. 12 and 13 or Egs. 12 and 14 are necessary and sufficient
conditions under which each of four components of Scheme VII is described by the same
two exponential terms at the initial condition Xq+yo =1, and zo =wo =0

Under the conditions 72, differential equations 9 are reduced to:

dx

5= okt )X+ o+ k(2 410) (A9a),
% = Ky X — (et Kyt Ky) Ky (2 +0) (49b),
f;(z+w) = (et R o+ Ry ey p— (ko o) (2 10) (490,

and (—?;(Z—w) = (ky.— ke x+(ky.~k, )y — (k. — k) (z+w)—

- (kzx+ k:y + k:w + kw:) (Z - IU) (Agd)'

Egs. A9a, b, and c are essentially the same as Egs. 7a, b, and ¢ of Scheme III, if we
identify z+w, k.. +k.,, and k,.+k,, of Eqs. 49 with z, k,,, and k,, of Egs. 7,
respectively. Furthermore, only under the condition 12 do differential equations
9a, b, c, and d reduce to the form of Eqs. A9a, b, and ¢, and x and y are described by
two exponential terms, whatever the initial conditions may be. Thus the conditions 12
are sufficient for mathematical analysis of the four-component system, based on
Scheme II1.
Eq. 49d is solved by introducing the solutions of 49a, b, and c, as:

t
z—w=¢ ™ J. f-e™ dr+c-e™™" (410),
o
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where
f = (k z—'kxw)x+(kyz—kyw)y_(kzw—sz)(z+w)
e =k:x+kzy+kzw+sz (AI‘I)’

and c is a constant.

‘When the mutarotation is started from either of the two pyranoses (x, oryo,=1)
or from their mixtures, the initial condition (zZ'—w), =0 holds, so that ¢ =0. The
solutions of Eqgs. A9a, b, and ¢ are of the same form as described in Section C (see
Eqgs. 16, 22, and 23). Thus, fis written as:

f =Dy-eT™ Dyt S, (412,

and Dl = (k :—kxw)Al'*'(k :_kyw)Bl+(kzw_sz)(A1+Bl)
DZ = (kxz_kxw)AZ +(k z_kyw) BZ+(kzw_kw:) (A2+BZ) (A13),
fm = (kxz_kxw)xm+(k ':_kyw)yao+(kzw_kw:)(zw+wuo)

where m; and m, are the two rate-constants, and 4; and B; (i = 1, 2) are coefficents of
the solutions of Eqgs. A9a and b.
From Egs. 410 and 412, z—w is written as:
D 1 D 2 —mzt __

Z—w=—H=—-e ™My 2 ¢
n23_1711 m3_’712

D -
—( L4 D, +&>e ’"3'+f;'° (ms # my, mz 5% m,;)

m3z—Hhly mM3—n, ms3 msy
(A14a),
and z—w= D, -t-e" ™"+ —&-—--e‘"’zf — (ﬁ_ + fﬁ) e”m™I ¢ fo
nz—my mz—ms, my ny
(m3 =m;,) (A14b).

The coefficients of the thiré exponential term, e~ ™" in Eq. 414a, or that of the term
t-e~ ™ in Eq. 414b, must vanish for z—w to be described by two exponential terms
e~ ™! and e~ ™. Taking into account the fact that A; and B; (i=1, 2) in Eq. A13 are
varied with initial conditions x, and y,, we obtain the conditions for the foregoing:

Koz =Kyps Ky=kypy Kkopy=kKy: (A15),
or

my=my, or msy=m, (A4164q),
and k.—ky,=k.—ky,=kp.—kyp (Ad16b).

Using the conditions 12 and the conditions of no circulation 11, the latter two
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equations in Egs. 415 may be obtained from the first one. From these Eq. I3 is
obtained.

From Eq. A16b, 11 and 12, Eq. 14 or Eq. 13 is derived. Inversely, from Eq. /1,
12 and Eq. 14, Eq. A16b is obtained. Thus, Eq. A16b reduces to Eq. 13 or 14.

‘When Egs. 11, 12, and 14 hold, the relationships:

kxw = kyw = kzw
also hold. Summing up the foregoing and Eq. 14, there is obtained:
Kooy = ey Koy = Koy (417).

Under these conditions, m, and m, are readily obtained as:

my = k,,+kxw+kxy+k,,} (AI8).
my =K.+ Keptkot ke,

Thais shows, therefore, that:
my=m,.

Thus, the condition 416a is always satisfied when Eqgs. 11, 12, and 14 hold. In con-
clusion, under the conditions of Eqs. 12 and 13, or Eqs. 12 and 14, four components
are all expressed by two exponential terms having the rate constants (m1,, m,), and the
reverse is also valid at the initial conditions, xq+y¢ =1 and zgy4we =0.

APPENDIX I

To solve the seven simultaneous equations: Eq. 18, 19, 20a, 11a, 26, 27a, and
28a, the three relations of Eq. /0 are used instead of Eq. 11a. This allows elimination
from the foregoing equations of three unknown k;; values, namely, &,,, k,, and k,,,,
but z, is used as a parametric, unknown quantity.

Eq. 19 and 20a reduce to the same equation, and «_ is given from Eq. 26 by
parameter z_, as:

6= ta (419),

(-]

where
L= [a]co—“y_(“x—ay).xco (A20).

The remaining four equations concerning the unknowns, k., k.., k., and z_, are
readily solved. To check the consistency, we have intentionally not used the values of
Z4s Yo FOr obtaining k;; values only, we can solve more readily by using them and
omitting Eq. 19 and 20a.
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